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3 

Resonant Converters 

3.1 INTRODUCTION 

Тhe major thrusts in switching converter design ате to achieve а higher 
power packing density and higher conversion efficiency. То increase the 
power packing density, the switching frequency of the switching converter 
is often increased to reduce the size and weight of its reactive components. 
However, the conventional от hard-switching switching converter, employ­
ing pulse-width modulation to control the dynamic transfer of electrical 
energy from the input to the output, sufТers ап excessive switching 10ss as 
its switching frequency approaches 1 MHz. Тhe higher switching 10sses of 
the power transistor require а larger heat sink capacity that offsets the пе! 
magnetic size reduction when operating at а higher switching frequency. 
At high switching frequencies, capacitive turn-on losses in power MOSFETs 
Ьесоте the predominant switching 10sses. А power MOSFET with а Cds of 
100 pF, switching at 500У, will have а turn-on loss of O.5CdsfsVd/, от 
12.5 W, when operating at 1 MHz. However, the turn-on 10ss increases to 
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70 Power-Switching Converters 

62.5 W when this device operates at а switching frequency of 5 MHz. 
Resonant converters offer an attractive solution to (Ье above dilemma. 

There are тапу topological variations ofthe resonant converter. Only 
two of the соттоп resonant converter topologies, the quasi-resonant 
converter and the load-resonant converter, wiIl Ье discussed in this chapter. 
ТЬе quasi-resonant converter employs ап LC tank circuit to shape 
the current or voltage waveform of the switching transistor, resulting 
in а zero-current or zero-voliage condition during device tum-off or tum­
оп. Zero-current-switching (ZCS) quasi-resonant switches are ernployed to 
reduce the turn-off switching losses, while zero-voltage-switching (ZVS) 
quasi-resonant switches are used to mitigate the tum-on switching 10sses. 
In general, ZVS is preferabIe to ZCS а! high switching frequencies. ТЬе 
load-resonant converter сап Ье classified as either а voltage-source series­
resonant converter or а current-source parallel-resonant converter. ТЬе 
voltage-source series-resonant converter сап Ье further subdivided into 
either а series-loaded or paraI1el-Iоаdеd resonant converter. In the series­
loaded resonant converter, the load is connected in series with the resonant 
circuit and the output voltage is obtained frorn (Ье resonant current. As 
such, the output voltage is sensitive to 10ad variations. However, the 
series-Ioaded resonant converter is inherently overload protected. In 
the parallel-loaded resonant converter, the load is connected in рмаllеl 
with the resonant capacitor and the output voltage is obtained frorn 
the voltage across this capacitor. Because of this, the output voltage of the 
parallel-Ioaded resonant converter is not sensitive to load variations. How­
ever, it requires protection against overloading since the output energy is 
derived directly frorn the resonant capacitor. 

Опе of the rnajor advantages of resonant converters is the absorption 
of the switching transistor capacitance and other parasitic cornponents into 
the converter topologies. However, the switching transistors in the resonant 
converters generally have to carry а higher peak current or voltage for the 
same output power than their counterparts in conventional switching соп­
verters. Since resonant converters regulate their output Ьу changing their 
switching frequencies or Ьу frequency rnodulation, electrornagnetic inter­
ference тау Ье unpredictabIe. ТЬе choice of using resonant converters over 
conventional switching converters should ье based оп the fact that the 
reduction in switching losses is greater than the increase in serniconductor 
device conduction 10ssesassociated with the higher peak current or voltage 
in the resonant topologies. А review of the fundarnental concept of parallel 
and series resonant circuits is done to Ьеlр with the analysis of sorne of the 
sirnple resonant converter topologies. 
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3.2 PARAllEl RESONANT CIRCUlT - А REVIEW 

Consider а current source 15иы) connected in раrаПеl with а resistor R,a 
capacitor С, and ап inductor L, as shown in Figure 3.1. As the frequency of 
the current source changes, the voltage across terminals а and Ь is given Ьу 

ji: (j ) 15 
О Ы = (lJR) + jwC + O/jwL) 

(3.1) 

Тhe resonant frequency in trus circuit is defined as the frequency at which the 
impedance seen Ьу the current source is purely resistive. This frequency 
makes the corresponding admittance purely conductive, since У = Z-l . 
ТЬе resonant frequency, ыn, is then 

(3.2а) 

or 

1 
ыn =--. 

vLC 
(3.2Ь) 

At the resonant frequency, the voltage across terminals а and Ь is 

(3.3) 

ТЬе capacitor current, 1с(ыо), during resonance is 

(3.4) 

а 

+ 

R jйJL 

ь 

Figure 3.1 А parallel-resonant circuit. 
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while the inductor current, 1 L(bln), is 

(З.5) 

ТЬе phasor diagram depicting. the currents апd voltages at the rеsопапt 
frequency is shown in Figure З.2. It сап ье seen that the capacitive current 
is of the same magnitude but opposite in sign to the inductive current at 
resonance. Thus, electrical energy is ехсЬапgеd between the inductor and tbe 
capacitor. 

3.3 SERIES RESONANT CIRCUIT - А REVIEW 

Consider а voltage source VsUbl) connected in series with а resistor R, ап 
inductor L, and а capacitor С, as shown in Figure з.з. As the frequency of 
the voltage source changes, the current flowing in the circuit is given Ьу 

- Vs 1 = -::--...,.....-=--,......,-~ 
R + j(blL - о/ыс)) 

(З.6) 

/ (blL R(l/blC))' v R2 + (blL - (l/IOC)i Ltan~1 

r-----------------------------------------/т 

Figure 3.2 Phasor diagram showing the inductor and capacitor currents at the 
resonant frequency. 

J 

" .. :, 
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figure Э.Э А series-resonant circuit. 

Again, the resonant frequency in this circuit is defined as the frequency at 
which the impedance seen Ьу the voltage source is purely resistive. Thus, the 
resonant frequency, Ют is also given Ьу 

1 
Юn =--' 

../LC 
(3.7) 

At the resonant frequency~ the CUHent flowing in the circuit is simply 

- - Vm 
I(ш = шn) = I max = R' (3.8) 

Тhe voltage across the inductor. V L(Шо), is 

(3.9) 

and the voltage across the capacitor, V i(Шо), is 

(3.10) 

Тhe phasor diagram depicting the voltages and cuпепts of the series reson­
ant circuit is shown in Figure 3.4. It сап Ье seen that the voltage across the 
inductor is equal in amplitude, but opposite in phase, to the voltage across 
the capacitor. Непсе, there is а constant exchange of electrical energy 
between the capacitor and inductor at resonance. 

3.4 CLASSIFICATION OF QUASI-RESONANT SWITCHES 

ТЬе quasi-resonant switch is basically а conventional semiconductor power 
switching device with ап LC tank circuit-incorporated into а circuit to shape 



74 Power-Switching Converters 

г------------------------------------------ут 

Figure 3.4 Phasor diagram showing 'Ье capacitor and inductor voltages а. the 
resonant frequency. 

either the voltage across the device от current tlowing through it [тот 
rectangular pulses into а sinusoidal waveform. ТЬе two types of quasi­
resonant switches are the current-mode quasi-resonant switch and the volt­
age-mode quasi-resonant switch. For the current-mode quasi-resonant 
switch, the inductor of the resonant tank circuit is connected in series with 
the switching transistor to shape the current tlowing through it. ТheTe ате 
two current-mode quasi-resonant switch configurations: the L-type and the 
M-type, as shown in Figure 3.5 [1]. 

In both cases, the resonant inductor, L r , is connected in series with the 
switching transistor, Qs, while the resonant capacitor, С" is connected in 
ратаl1еl with the switching transistor Qs and the resonant inductor. ТЬе 
resonant inductor and capacitor constitute а series-resonant tank circuit 
whose resonance occurs during the major portion of the on-time of the 
switching transistor. ТЬе quasi-resonant switch is said to operate in а half­
wave mode since the resonant спиen! is not al10wed to tlow back to the 
source. If an antiparal1el..diode, D J, is connected across the switching tran­
sistor, then the quasi-resonant switch is configured to operate in а full-wave 
mode and the resonant ~urrent сап tlow bi-directional1y to both the 10ad and 
the source. 

At tum-on, the switching transistor, Qs, is first driven into saturation 
before the current tlowing through it gradually rises in а quasi-sinusoidal 
fashion. Тhe switching transistor is commutated naturally as the current 
tlowmg through it tends to osci1late to а negative value. ТЬе effect of the 
resonant switch оп the reduction of switching stress and switching 10ss is 

1 
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• ... ... 

L-type, haJf-wаvе M-type, half wave 

С, 

L-type, fuJI-wаvе M-type, full wave 

Figure 3.5 Current-mode quasi-resonant switches. 

evident from the ]oad-]ine trajectories shown in Figure 3.6. Path А shows а 
typical ]oad-line trajectory for inductive switching of а switching transistor 
with conventional forced. tum-оfТ_ It traverses through а high-stress region 
where the switching transistor is subjected to both high voltage and high 
сuпепt simultaneously. whereas the load-line trajectory for inductive switch­
ing with а current-mode resonant switch is a]ong either the voltage axis or 
the сuпепt axis. as shown Ьу path В in Figure 3.6. Consequent1y, the 
switching stresses and losses in the cuпепt-mоdе quasi-resonant switch are 
greatly reduced_ 

Тhe vo]tage-mode quasi-resonant switch is imp]emented Ьу connecting 
а resonant capacitor. Cr• in parallel with the switching transistor, Qs. ТЬе 
strategy in the voitage-mode quasi-resonant switch is to shape the voltage 
waveform across the switching transistor during its ofT-timе such that а zero­
voltage condition is created before the device is allowed to switch оп. 
Vo]tage-mode quasi-resonant switches ме рriшап]у used to reduce capaci­
tive tum-on ]oss in power MOSFETs at very high switching frequencies. 
Nonzero-voltage tUm-оп in the power MOSFET switching transistor gen­
erates substantia1 noise that interferes with the controller, and reduces its 
switching speed due to the switching МiПеr efТect. There are also two 
voltage-mode quasi-resonant switch configurations: the L-type and the 
M-type as shown in Figure 3.7 (2]. Тhe vo]tage-mode quasi-resonant switch 
is said to operate in а half-wave mode when the voltage across the resonant 
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ON~ __ _ 

v 

Figure 3.6 Load·line trajectories of а switching transistor: path А, forced switch­
ing; path В, resonant switching. 

01 
[. 

r.rv-v--.I... __ ....... 

L-type, half-wave M-type, half-wave 

L-type, full-wave M-type, full-wave 

Figure 3.7 Vo)tage-mode quasi-resonant switches. 
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capacitor is not allowed to swing to its negative cycle. This is accomplished 
Ьу а clamping diode. D 1• connected across the resonant capacitor. However, 
if the diode, D 1• is connected in series with the switching transistor, then the 
voltage-mode quasi-resonant switch is said tooperate in а full-wave mode 
since the voltage across the resonant capacitor is allowed to swing freely to 
negative values. 

АН the basic switching converter topologies сап Ье converted into 
quasi-resonant converters simply Ьу replacing the switching transistor with 
either the current-mode or voltage-mode quasi-resonant switch. ТЬеу are 
caUed quasi-resonant converters because there are resonant and nonreso­
nant intervals in the switching waveforms [1,2]. Тhe quasi-resonant switch­
ing converter utilizes а voltage-controlled oscillator in its control circuit to 
change its switching frequency, as shown in Figure 3.8, to maintain а 
constant output voltage. 

3.5 ZERO-CURRENT-SWITCHING QUASI-RESONANT 
BUCK CONVERTER 

А ZCS quasi-resonant converter сап Ье easily implemented Ьу replacing the 
conventional switching transistor with а cnrrent-mode quasi-resonant 
switch. А half-wave ZCS quasi-resonant buck converter with а L-type switch 
is shown in Figure 3.9(а) and а fuH-wаvе ZCS quasi-resonant buck converter 
with а L-type switch is shown in Figure 3.9(Ь). Тhe analysis of this ZCS 

Quasi-resonant converter 

Voltage-controlled V
e oscillator 1--"-6--< 

Error 
Amplifier ~ 

Z1 

Figure 3.8 Control scheme for а quasi-resonant converter. 
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(а) 

(Ь) 

Figure 3.9 Zerо-cuпепt-switсhiпg (ZCS) quasi-resonant buck converter with: (а) 
а half-wave. L-type switch and (Ь) а full-wave. L-type switch. 

resonant buck converter сan Ье simplified considerably Ьу making the 
fol1owing assumptions [1]. ТЬе output inductance. L o • is assumed to Ье 
much larger than the resonant inductance, L r• ТЬе corner frequency of the 
output filter Lo - Co,J", is much 10wer than the switching frequency. Тhus. 
the output filter L o - СО and RL сап ье treated as а constant current sink of 
I;-Jhe switching devices are ideal semiconductor switches with по forward 
d:rops in their on-state and по leakage currents in their off-state. Тhere are 
also по time delays at both turn-on and turn-off. Тhe resonant inductor and 
c'!Pacitor are ideal circuit elements with по lossy or parasitic elements. 

Тhe operation of the ZCS quasi-resonant buck converter сan Ье div­
ided into four modes. Suppose that before the switching transistor is 
switched оп, the freewheeling diode, D fw• carries the steady-state output 
current of 10. and the resonant capacitor voltage, vC,{tSO). is clamped at 
zero volt Ьу the freewheeling diode. Also. there is по current f10wing through 
the resonant inductor, i.~., iL,{O) = О. 

Mode 1 (О < ,~ '1) 

Mode 1 begins at time t = О when the switching transistor, Q., is switched . 
оп. ТЬе freewheeling diode, Dfw, carries the steady-state output сuпепt 
initially, since the resonant capacitor is clamped at zero volt. Непсе, both 

J 
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4.,(1) 

Figure 3.10 Mode 1 equivalent circuit of the ZCS quasi-resonant buck 
converter. 

the switching transistor and the freewheeling diode are switched оп during 
mode 1. Тhe mode 1 equivalent circuit is shown in Figure 3.10. ТЬе current 
flowing thюugh the resonant inductor, iL,(t), increases linearly from zero to 
the steady-state output cuпепt of 10' ТЬе voJtage across the resonant in­
ductor is related to the rate of rise of its current. At the end of mode 1, the 
voJtage across the resonant inductor, vL,(t), is given Ьу 

(3.11) 

Тhe duration ofmode 1, T J, is 

(3.12) 

Thus, mode 1 is characterized Ьу inductor charging and the storage of 
electrical energy, in magnetic form, in the resonant inductor. 

Mode 2 (t1 < t s Ы 
Mode 2 begins when the current flowing through the resonant inductor, 
iL,(I), reaches the steady-state output current, 10' Тhe freewheeling diode, 
D fw, is reverse biased since the resonant capacitor is charged Ьу the ditТer­
епсе between the current flowing through the resonant inductor, iL,(t), and 
the steady-state output current, 10 (i.e., iL (1) - 10)' Тhe voltage across the 
resonant capacitor increases in а quasi-sin~soidal fashion. Figure 3.11 shows 
the equivalent circuit for mode 2. 

ТЬе rate of increase of the resonant current is 

diL, (Vs - Vc,(I)) 
dt L r 

(3.13) 



80 Pmver-Switching Converters 

Figure 3.11 Mode 2 equivalent circuit оГ 'Ье ZCS quasi-resonant buck 
converter. 

ТЬе rate of increase of the resonant capacitor voltage is 

(3.]4) 

ТЬе initia1 resonant capacitor voltage is zero (i.e., vс.(tд = УС.(О) = О), while 
the initial resonant inductor сuпепt, ;1-,(0), is 10. ТЬе first-order differential 
Equations (3.13) and (3.14) сап Ье solved using the two known initial 
conditions. Тhe expression for the resonant inductor сuпепt, iL.(t), is 

. () 1 Vs . 
lL, t = 0+2 Slnblnt, 

n 

(3.]5) 

where ZN = ..jLr/Cr is the characteristic impedance and ыn = 1/ ../LrCr is 
the resonant frequency of the resonant tank. ТЬе expression for the resonant 
capacitor voltage, vc,(t), is 

vc,(t) = VsO - cos blnt). (3.16) 

ТЬе cuпепt f10wing through the resonant inductor is sinusoidal. However, 
the voltage across the resonant capacitor increases according to а versine 
function. Тhus, mode 2 is also known as the resonant stage. ln the half-wave 
quasi-resonant buck convep:er, the switching tг.шsistоr, Qs, will Ье naturally 
commutated at Ьmе ta when the resonant inductor cuпепt, iL (t), reduces to 
zero as shown in Figure З'.12. lп а full-wave quasi-resonant b~ck converter, 
the resonant inductor cun-ent will continue to oscillate and feed energy back 
10 the voltage source, Vs , through the antiparallel diode D\,. Тhe current 
f10wing through diode D\ oscilIates to zero again at time tb as shown in 
Figure 3.13. 

Тhe duration of this resonant mode, Т2 = t2 - 1\, сап Ье found Ьу 
setting iL,(Ti) = О, 
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1 • I 

;t1 ~=~ 
jl<l"f-_T2~--')Olo-li • 

т.: 
S. 

Figure 3.12 Wavefonns for the half-wave ZCS quasi-resonant buck converter. 

(3.17) 

Rearranging the аЬоуе equation, 

. (Т) IoZn 
Sln ЮЛ 2 = ---, 

Vs 
(3.18) 

and the duration of mode 2, Т2, is 

Т2 = sin-
I 
(- IoZn/Vs) =~. (3.19) 
ЮП ЮП 

For the half-wave mode, а tak:es оп values between 7т and 37Т/2. ТЬе 
resonant mode ends at lа when the resonant inductor current reduces 
to zero. For the full-wave mode, а adopts values between 37Т/2 and 2'7Т. 



82 Power-Swi1ching Conver1ers 

Figure 3.13 Waveforms for tbe fulJ-wаvе ZCS quasi-resonant buck converter. 

ТЬе resonant mode terminates at 1ь after the resonant inductor current 
feeds energy back to the input voltage source. Тhe resonant capacitor still 
holds some charge even after the current in the resonant inductor 
is reduced to zero. As such, the freewheeling diode is kept reverse biased 
at the end of the resonant mode. ТЬе resonant capacitor voltage, vc, (с), at 
1 = 12 is 

(3.20) 

ТЬе switching transistor is switched ofТ after 1а for the half-wave mode. For 
the full-wave mode, the switching transistor is switched ofТbetween ta and tb. 

Thus, а zero current condition is created for the switching transistor to 
switch ofТ in order to reduce turn-оfТ switching losses. Тhe steady-state 
output cuпепt, 10. must Ье less than V.lZn for the switching transistor to 
switch ofТ during zero current. 

J 
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Mode 3 (t2 < t:!O tз) 

Mode 3 begins after the switching transistor switches otТ at 12. ТЬе equiva­
lent circuit is shown in Figure 3.]4. 

Тhe resonant capacitor, Cr , begins to discharge through the output 
loop and VcJ/) decreases linearly to zero-at time '3. Тhus, 

(3.21) 

ТЬе initial resonant capacitor voltage is given Ьу Equation (3.20). At the end 
ofthis mode, the voltage across the resonant capacitor, Vc (/з), is zero. Using 
the boundary conditions, Equation (3.21) сап ье solved Сог the duration of 
mode 3, Тз, 

Т - - с VС,(/з) - Vc,(/2) с Vs(1 - cosa) 
3 - 1з - (2 - r = r • 

-10 10 
. (3.22) 

ТЬе drain-to-source voltage of the switching transistor increases during 
шоде 3. At the end of mоде 3 (i.e., at 1з), the drain-to-source voltage of 
the switching transistor is equal to the input voltage, Vs, as the switching 
transistor is completely switched ofТ. 

Mode 4 (tз < ':!о Ts> 
Моде 4 begins when the voltage across the resonant capacitor reduces 
to zero at time 1 = 1з. Тhe freewheeling diode, D fw, switches оп and the 
output current now flows through Dfw. ТЬе equivalent circuit is shown in 
Figure 3.15. 

ТЬе duration of mоде 4, Т4, is 

(3.23) 

+ 

Figure 3.14 Mode 3 equivalent circuit of the ZCS quasi-resonant buck 
converter. 
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L, 

С• 

figure 3.15 Mode 4 equivalent circuit of the ZCS quasi-resonant buck 
converter. 

where Ts is the switching period. Ву controlling the freewhee1ing time 
interva), Т4, the output voltage, Va, сап ье regulated. 

Тhe vo)tage conversion ratio ofthe fuП-wаvе ZCS quasi-resonant buck 
converter сап Ье found Ьу imposing the constant volt-second re)ationship оп 
the output inductor, L", since the average voltage across the output inductor 
is zero under steady-state conditions. Since the resonant capacitor voltage 
waveform is approximately Vs(1 - cos wnt) during the interval between 1з 
and I}, its average value is approximatelyequal to the input voltage, VS • Тhe 

resonant period is approximately Тп = 1з - 11. During this time interva), the 
average voltage across the output inductor is (Vs - Va). ТЬе voltage across 
the output inductor during the remaining switching period, i.e., Ts - Тт is 
- Va. From the constant volt-second re)ationship, 

(3.24) 

Rearranging this equation, the voltage conversion ratio, Va/Vs, for а full­
wave ZCS quasi-resonant buck converter is 

Va Тп Is 
VS Т• = fn· 

(3.25) 

Thus. the output voltage of а ZCS quasi-resonant buck converter isregu­
lated Ьу changing the switching frequency. ]t is obvious that the switching 
frequency,fs, must be.1esS than the resonant frequency,fn. 

]п а half-wave ZCS quasi-resonant buck converter, the output.voltage 
is very sensitive to load variations as shown in Figure 3.16 [1]. Тhis is because 
the оп)у means for the half-wave quasi-resonant buck converter to regu)ate 
the output voltage is Ьу varying the switching frequency since it takes а 
)onger time to discharge the tank energy to the load in а light load situation. 
Тhe voltage conversion ratio of the fuJl-wаvе ZCS quаsi-resопапt. buck 
converter is insensitive to load variations. Тhis is because the excess tank 
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рторотопаl control scheme сап Ье found from Equation (6.293) as fol-
10ws: 

G(s)H(s) = S2 + (sjRC) + (I/LC)' (6.297) 

Figure 6.57 and Figure 6.58 show the magnitude and phase responses of the 
buck converter with а 16mН output inductor and а 100 f,LF output capacitor 
for several values of 10ad resistance, R. As shown, the magnitude response 
has а constant gain of 20 loglo (uIOКlLCVp) with а minimal phase shift at 
low frequencies. Beyond the comer frequency of 1/27r../LC, the magnitude 
response begins to decrease with а slope of -40 dB/decade and the phase 
tends toward -180С • ТЬе magnitude response is overdamped when 
R < "'/L/C, underdamped when R> "'/L/C, and criticaIly damped when 
R = (1/2).../ Lj с. ТЬе underdamped open-loop buck converter changes its 
phase rapidly at the comer frequency as shown in Figure 6.58. А more 
gradual phase transition is observed for the overdamped open-loop buck 
converter. Since the open-loop phase lag is close to 1 80С , апу additional 
phase lag сап render the buck converter unstable when the loop is closed. 

-60 

Figure 6.57 Magnitude response of ап open-Ioop buck converter for several 
values of .../Lo/Co. 
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Figure 6.58 Phase response of ап open-Ioop buck converter for several values of 
.jLo/Co • 

ТЬе transfer function [о! а lag-compensator is 

ШрК 
HJag(s) = --, 

s+wp 
(6.298) 

where Шр is the pole angular frequency of the lag-compensation network. In 
general, Шр must ье low enough to achieve а sufficient gain margin. Substi­
tuting Equation (6.298) into Equation (6.293) yields the transfer function [о! 
а lag-compensated buck converter 

К, 2 
G(s)H(s) = ШрШо 

(s2 + 2!;wos + (r)~)(s + (r)p) , 
(6.299) 

where ,= 1 /(2R.J С / L) is the damping {айо, (r)o is the natural angular 
frequency, and К = КинlУр• Figure 6.59 and Figure 6.60 show the magni­
tude and phase responses ofthe buck converter with а lag-compensator for а 
pole frequency of 0.01 xfo. As сап Ье seen, а lag-compensated buck соп­
verter has а папоwеr bandwidth compared to that of the open-loop buck 
converter at the expense of ап increase in stability. In practice, the lead-Iag 
compensators shown in Figure 6.15 and Figure 6.25 are employed for )оор 
compensation. 
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Figure 6.59 Magnitude response of а lag-compensated buck converter withfp = 
O.Olfo· 

6.2.11 Complete State Feedback 

Ап irnportant application of the state-space representation is the complete 
state feedback of the switching converter. АН the states of the converter ате 
sensed and rnultiplied Ьу а feedback gШп. This technique allows us to 
ca1culate the gains of the feedback vector required to рlасе the closed-loop 
poles at а desired location. 

6.2.11.1 Design о( а Control System with Complete State 
Feedback [9] 

Consider а continuous-tirne Нпеат system, having the following state­
space representation: 

х = Ах+ Ви. (6.300) 

А usual eontrol strategy is to generate the епот signal as а function of the 
measurements of the states of the systern. In case of а switching converter, 
the control variable, и, rnау Ье chosen proportional to the states as 

u = -Fx. (6.301) 
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Figure 6.60 Phase response of а lag compensated buck converter with fp 
0.01/0' 

ТЬеп 

Х= (А -ВР)х. (6.302) 

ТЬе closed-Ioop eigenvalues are foun.d Ъу solving the characteristic equation: 

det[sl - А + ВР] = о. 
Several observations are 

• If the state vector has dimension i and the control vector has dimen­
sion j. the matrix F wi11 have i х j elements. 
If the system described Ьу (А.В) is controllable, the choice of the 
elements of F wiП control the position of the closed-loop poles оп the 
S plane. 

• If the elements of F асе real, the closed-Ioop poles wi11 Ье real ос 
complex conjugates. 
If the applied control is of scalar type, the resulting F is а row vector, 
having i elements. ТЬе elements of F асе unique if the i roots of the 
characteristic equations are-specified. 
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• Тhe closed-loop poles сап ье arbitrarily placed Ьу choosing the 
elements of Е. 

6.2.11.2 Pole Selection 

Опе way of choosing the closed-loop poles is to select ап йЬ order low­
pass Вessel Шtеr for the transfer function. where i is the order of the system 
that is designed [21]. ТЬе step response of а Bessel fi]ter has по overshoot; 
thus. it is ideal for а voltage regulator. Тhe desired filter сап then ье selected 
for а step response that meets а specified sett1ing time. Тhe minimum settling 
time should ье chosen to avoid ·saturating the control variable. Тhe desired 
closed-loop poles of the filter. 

(6.303) 

сап Ье designed with the aid of the filter toolbox that comes with МА ТLAB 
[22] о!" with апу other filter package. like Filter Wiz® [23}. 

6.2.11.3 Feedback Gains . 

ТЬе values for the elements of the feedback vector F сап ье obtained 
Ьу роlе placement. ТЬе МА ТLAB command. F = PLACE (А. В. Р). сап Ье 
used to compute the state-feedback matrix F to yield the eigenvalues of (А -
В Е) as specified in vector Р. 

Example 6.6. А buck converter designed to operate in the continuous 
conduction modе has the following parameters: R=40. L= 1.330mН. 
C=94J1.F. Vs =42V. and Va = 12У. Calculate (а) the open-loop poles. (Ь) 
the feedback gains to 10cate the closed-loop poles at Р = 1000 х {-0.3298 + 
0.10; -0.3298 - 0.10;. (с) the closed-loop system matrix A CL' . 

Solut;on. 

(а) Тhe state-space matrices during ton ате 

[ 1] 1 --

А. = ! _ t . 
С RC 

ТЬе state-space matrices during tolТ ше 
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Тhe state-space averaged model matrices are 

А = А 1 Х D + А2 Х (1 - п), 

lJ = В! Х D + В2 Х (1 - D). 

Тhеп 

Тhe ореп-lоор po1es сап ье found Ьу the МА ТLAB command to yie1d 

po1esOL = eig(A) to Ье po1eSOL = 1000 х {- 1.3298 + 2.496Н, 
- 1.3298 - 2.496Н} 

(Ь) ТЬе equations for the 1inearized АС smaI1-signа1 model are 

. 1 л 
Х! = I( -Х2 +Du+dU), 

;. 1 (л 1 А ) 

Х! = С Х! - яХ2 • 

ТЬen, the sma11-signaI averaged state-space equations are 

i= [IJC -(~~~b] [;~] + [D&L]u+ [U&L]d. 
ТЬе following MAТLAВ script сап Ье used to define а state-space model 
sysOL and p10t the step response of the ореп-1оор converter: 

sysOL = ss(A,B,C,O) 
step(sysOL) 

wbere А is tbe system matrix, В is [D/L О]' and С = [О 1]. Figure 6.61 shows 
thetransient responseofthe small-signa1 model oftbe converter for а step input 

а! 111' 
То design tbe contro1 strategy, first assume that tbe perturbations in 

tbe input DC voltage are nu11, i.e., 11 = О. Тhеп, 

.i=Ax+Ed 
with 
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Figure б.б1 Step response of the linearized buck converter. 

for voltage-mode control d = (D/Vrer) i;'ef. 
If we аррlу complete state feedback 

Vref = -Ех 

then 

or 

ТЬе closed-loop system matrix is then 

- - D 
ACL = А - Е--Е. 

Vref 

3.5 4 



Dynaтic Analysis of Switching Converters 291 

ТО locate the closed-loop poles at р= 1000* [-0.3298 + 0.10i -0.3298 -
O.10i]', we calculate the feedback gains as 

р = 1000 х [-0.3298 + O.lOi - 0.3298 - O.IOiY 

F = Р1асе( А. Е :ш' Р)-
ТЬеп, F= {-2.6600 -0.3202}. 

(с) ТЬе closed-loop matrix is 

_ - D 
ACL=A-E-F. 

Vref 

- [0.2000 
ACL = Je4 1.0638 

-0.0511 ] 
-0.2660 

we сап сЬеск the 10cations of the closed-loop poles with 
eig(AcU; which gives 

ans = lе+ 2 х [-3.2980 + 1.0000i - 3.2980 - 1.0000i] 

Figure 6.62-displays the schematic circuit of the closed-loop buck converter 
used for the simulations. Тhe parameter 100Р changes from О to 1 in the 

V,=42 
V.=44 

·10=5 . 
ТА = 1 n . V. ---
TF=1 n 
PW=1 
РЕА=1 

""0 

~, VON=1_0V 
VOFF=O_OV 
ROFF=1e6 
RON=O_05 

1.33тН 
IC=O 

out 

С, 
94uF 
IC=O 

R, 
4 

Е, GAIN= 1 

Figure 6.62- PSpice schematic of the switching converter lшdеr study. 
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parametric simulation to obtain the ореп-)оор and the closed-Ioop 
responses, respectively. ТЬе turn-on transient of the switching converter is 
shown in Figure 6.63 for the open-Ioop and the closed-Ioop conveners. 
Notice that the open-Ioop response ovetshoots the steady-state output volt­
age, while the closed-Ioop response shows the behavior of а second order 
system with real poles. ТЬе dynamic of the turп-on transient does not 
necessarily correspond to our previous caJcu1ations because this is а large 
signal swing not modeled Ьу the linear small-signal approximation. 

А sma)] perturbation is added to the input voltage source at 5 ms; at that 
time, the input voltage changes from 42 to 44 V to simulate а Нпе transient. 
Figure 6.63 shows that the ореп-l00Р system evolves to а new steady-state 
voltage after overshooting. ТЬе perturbation in the output voltage of the 
closed-Ioop switching converter is hardly noticed. Figure 6.64 displays an 
expanded view of the output voltage transient at 5 ms. ТЬе closed-Ioop 
switching converter follows the calculated dynamic response for the small­
signal model. 

б.2.12 Input ЕМ' Filters 

Switching converters, in particular buck or buck-boost converters, have а 
notorious reputation as опе of the worst eIectromagnetic interference 
(EMI) generators due to its pulsating input current waveform and switching 
actions of its semiconductor switches. Electromagnetic interference is the 
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Figure б.б3 Transient response of the open-Ioop and clesed-Ioop converters. 
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Figure 6.64 Expanded view of the transient at 5 msec. 
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unintentiona] generation of conducted or radiated energy. То preserve the 
integrity of the power source, ап input ЕМ} filter p]aced between the power 
source and the switching converter is often required. Тhe major purpose of 
the input ЕМ} filter is to prevent the input current waveform of the switch­
ing converter from interfering with the power source. As such, the major role 
ofthe input ЕМ} filter is to optimize the mismatch between the power source 
and switching converter impedances [24]. 

There are two conduction modes of EMI: соттоп and differential. 
Сотmоп mode EMI is that component ofnoise current which exists оп апу 
or аН supply or output lines with respect to а соmтоп ground plane such as 
chassis or ground retum bus. Тhe capacitance of the switching transistor 
insulator mounted оп the chassis or ground plane is known to Ье а "cu]prit" 
for the соmmоп mode-coupling path. DifТerential mode EMI, also known as 
longitudinal mode EMI, occurs between апу two supply or output lines. 
А principal source of the difТerential mode emission is the impedance of the 
input EMI filter capacitor. Another source of difТerential mode emission is 
the switching devices. ТЬе magnitude and spectra] content of the ЕМ] are 
often dictated Ьу the reverse recovery characteristics of these switching 
devices. 

6.2. 12. 1 Stability Considerations 

Figure 6.65 shows а circuit model for а buck converter with а second­
order input ЕМ] filter. As shown, the DC transformerized equivalent circuit 
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Input EMI Rlter Вuck Converter 

Figure 6.65 Circuit model of а buck converter with. ап input EMI filter. 

. . . 
of the buck converter shown in Figure 6.41 is used. ТЬе input ЕМ! filter 
consists of ап input ЕМ! fi)ter inductance, L J, and ап input ЕМ! filter 
capacitance, CJ• For simplicity, the total effective impedance of the source, 
UJ, is modeled as а single effective sourceresistance, R s• Тhe effective source 
resistance, R., consists of the source impedance and the series resistance of 
the input ЕМ! filter inductor. In general, the values for L J and С! are large 
enough to dominate the reactive impedance of the source. Тhe output 
impedance of the second-order input ЕМl fi)ter is given Ьу 

(6.304) 

Ву choosing L J and С! sufficiently large, the interfering signals at the 
switching frequency and its higher harmonics of the switching converter 
сап Ье adequately attenuated. 

Тhe stability of а closed-loop switching converter with ап input ЕМ! 
filter сап ье found Ьу comparing the output impedance of the input 
ЕМ! fi)ter to the input impedance of the switching converter. For а given 
load resistance, RL , the control1er adjusts the duty cycle to maintain а 
constant output voltage, and Ьепсе, а constant output power. Тhus, if the 
input voltage increases, the input current must decrease to yield а constant 
input power. Consequently, the closed-loop switching converter exhibits а 
negative input impedance. Тhe effective secondary-side impedance of the 
buck converter is 

(6.305) 

where Re is ап effective resistance that accounts for the series resistances 
in the output filter inductor and other components, and а "modulation" 
resistance that arises from the modulation of the switching transistor storage 
time [25]. lt is а complicated function of these component resistances and 



Dynaтic Analysis of S,vitching Converters 295 

also of the duty сусlе. From Figure 6.65, the input impedance of the closed-
100Р buck converter is the negative ofthe effective secondary-side impedance 
retlected through the DC transformer to its input at ]ow frequencies. ТЬе 
input iшредапсе of the buck converter is 

(6.306) 

О! 

(6.307) 

where D is the duty сусlе of the buck converter. At 10w frequencies, the 
input impedance is dominated Ьу the output load resistance, RL , and is given Ьу 

(6.308) 

At the resonant frequency of l/27rVLoCo, the input impedance is at its 
minimum and is given Ьу 

Re 
Zin=- D2· 

(6.309) 

Above the resonant frequency, the input impedance increases inductively as 

jwL 
Zin =- D2 . 

(6.310) 

ТЬе input impedance ofthe buck converter versus frequency is i1lustrated in 
~_ Figure 6.66. Тhe switching converter negative input impedance in сотЫп-
" ation with the input EMI filter сап under certain conditions constitute а 

negative resistance oscillator, and is the origin of the system potential 
instability. Тhe input EMI filter output impedance is а small positive resist­
апсе at DC and low frequencies, but in the neighborhood of the filter 
resonant frequency its output impedance тау Ье тапу times the associated 
Ohmic resistances, and if the magnitude of ZEMI increases sufficiently that 
the net circuit resistance becomes negative, oscillation wil1 occur [25]. As 
such, the ma:ximum output impedanceof the input EMI filter, ZEMl,max, 

must Ье less than the magnitude of the input impedance of the switching 
converter to avoid instability [26]. Непсе, 

(6.311) 
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\2in\ 

RL + Re t-----~ ..... 
[J2 

1 

Figure б.бб Input impedance versus frequency for а buck converter. 

То ensure stability, however, the poles of Zjr!IZEM1 should lie in the left­
hand plane. ТЬе аЬоуе stability condition is only valid if the input ЕМ} filter 
resonant frequency is below the frequency at which the input impedance of 
the switching converter begins to deviate from its low-frequency values. 
Thus, instability tends to оссис at the resonant frequency of the switching ., 
converter since the input impedance of the switching converter is at its 
minimum. Also, the worst case for stability is at low input voltage since it 
requires а larger duty cycle that decreases the input impedance of the 
switching converter. 

ТЬе average power demand through the input ЕМ} filter is practically 
constant for а constant switching converter load. Thus, the switching соп­
verter сап Ье modeled as а continuous сопstапt power element for low­
frequency stability considerations [27], in accordance with the concept of 
state-space averaging as shown in Figure 6.67. ТЬе state variables асе chosen 
as Хl for the сипепt flowing through the input ЕМ} filter inductor and Х2 as 
the voltage across the input ЕМ! filter capacitor. ТЬе state equations are 

(6.312) 
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Х1 

+ 

Figure 6.67 Circuit model of switching converter with ап input EMI filter. 

and 
(6.313) 

Substituting х) from Equation (6.313) into Equation (6.312), we Ьауе 

(6.314) 

от 

и) d2x2 (Rs Р) dX2 Х2 
L\C\ = dt2 + L\.- С\-Ч Тt+ L\C\· 

(6.315) 

Тhe term, -(р/сIхi), is due to the negative input impedance of the constant 
power load ofthe switching converter. Routb-Hurwitz stability criterioncan 
Ье used to determine tbe necessary and sufficient condition for stability from 
tbe sign and magnitude of tbe coefficients of tbe cbaracteristic equation. 
From Routb-Hurwitz stability criterion, it requires that 

PL\" 
R s > .. , 

C\~2(min) 
(6.316) 

It is clear tbat tbe input EMI fi)ter inductance should Ье тисЬ smal1er than 
the input EMI fi)ter capacitance. А resistance in series witb tbe input EMI 
fi1ter inductor сап Ье added to improve stability. However, it is undesirable 
to increase tbe series resistance of tbe input EMI fi)ter to improve stability 
since it increases conduction losses. ТЬе series resistance is поrша1lу cbosen 
to Ье tbree to five times the characteristic impedance of the fi)ter, ...; LI/ С\. 
However, tbe qua1ity factor, Q, of tbe input EMI fi)ter increases as tbe series 
resistance decreases. A1so, tbe maximum output impedance of the input 
EMI fiIter increases as tbe quality factor increases. In order to avoid 



298 Power-Switching Converters 

instability, it is necessary to utilize а low Q input EMI filter with the penalty 
of higher conduction losses. 

ТЬе nonlinear resistance associated with the constant-power element 
of the switching converter сап Ье replaced Ьу а negative linear resistance, 
-RL, defined Ьу -(Х22/р). Figure 6.68 shows ап equivalent circuit of а 
switching converter with ап input EMI filter. Тhe state equations are 

(6.317) 

and 

(6.318) 

Combining, rearranging, and assuming that RL « Rs and RL « Resr, the 
state equations сап also Ье expressed as 

(6.319) 

and 

(6.320) 

These state equations сап ье written in matrix form as 

(6.321) 

ч 

Figure б.б8 Equivalent circuit of а switching converter with ап input EMI filter. 



Dynamic Analysis of S}vitching Converters 299 

Routh-Hurwitz stability criterion required that 

(6.323) 

In practice, the input EMI filter with LR reactive damping shown in 
Figure 6.69 is used to reduce conduction 10sses. This filter has а -40 dB/ 
decade roll off beyond its resonant frequency at the expense of output 
impedance higher than its characteristic impedance. ТЬе Routh-Hurwitz 
stability criterion for this fi1ter is [27] 

(6.324) 

Figure 6.70 shows ап input EMI filter with RC reactive damping. ТЬе 
damping capacitor, Cd , is usual1ychosen to Ье three times the fi1ter capaci­
tance, Cj , to avoid the filter inductor, L I , from resonating with the damping 
capacitor at resonance. Тhe damping resistor, R d , сап Ье made to Ье equal to 
the characteristic impedance of the fi1ter. As such, the RC reactive damped 
input EMI filter requires the use of а more expensive and bulky damping 
capacitor compared to the damping inductor of the LR reactive damped 
filter. However, the output imреёапсе of the RC damped filter is generally 
10wer than the characteristic impedance of the fi1ter. In this configuration 

Figure 6.69 Input EMI filter wit1i LR reactive damping. 
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Figure 6.70 Input ЕМ. fiJter with RC reactive damping. 

the capacitor is normally chosen with an ESR equal to R.J. Тhe Routh­
Hurwitz stabllity criterion for this ftIter is [27] 

(6.325) 

Тhe second-order input EMI ftIter mау not provide sufficient attenu­
ation and/or rоП-оfТ beyond the resonant frequency .. А fourth-order filter 
with LR reactive damping shown in Figure 6.71 mау ье used to increase 
attenuation and rоП-оfТ beyond its resonant frequency. It is а good design 
practice to have difТerent resonant frequencies for the two sections of the 
ftIter to avoid а sharp maximum in its output impedance and а sharp 
minimum in its input impedance at the resonant frequency. It should Ье 
noted that high-core losses in the input EMI filter inductor is desirable to 
dissipate the energy at the EMI frequency so as to prevent it from rеtlесtщg 
back to the power source. Otherwise, the EMI current would radiate andlor-­
coupJe into other circuitry. 

-,," 

Figure 6.71 А fourth-order input ЕМ. fiJter with LR reactive damping. 
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Example 6.7. Тhe parameters for а buck converter are: input voltage = 1 О V, 
average output voltage = 5 V, switching frequency = 1 kHz, L o = 1 тН, 
СО = 100 IJ.F, R., = 0.01 п, and RL = 5 п. Theinput EMI filter has the fol1owing 
parameters: L) = 1 тН, С) = 1000 IJ.F, and Rs =0.001 о. Plot the input imped­
ance of the switching converter and the output impedance of the input ЕМ! 
fJlter оп the same plot. Determine if а potential stability problem exists. 

Solиtion. Тhe magnitude of the input impedance of the buck converter сап 
Ье expressed as 

1 
IZinl(IO) = D2 (

RL 14)2 2 (4 Ri СО )2 
1 + (blRLCo)2 + +ы - 1 + (blRLCoi ' 

and the magnitude of the output impedance of the input EMI filter сап Ье 
expressed as . 

30 

10 

~ о 
ф 

~-10 
с 
g> 
:Е 

-за 

-50 

Frequency (Hz) 

Figure 6.72 lnput impedance. Zin(!), of the buck converter and output imped­
апсе, ZEMJ(!). of the input EMl filter. 
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Figure 6.72 shows the input iinpedance of the buck converter and 
output impedance of the input ЕМ! fi)ter. As shown, the magnitude of the 
input impedance of the buck converter is always larger than the magnitude 
of the output impedance of the input EMI fi)ter. Thus, the buck conVerter 
with the input EMI fi)ter is stable. 

6.3 DISCRETE-TIME MODELS 

6.3.1 Introduction 

А discrete-time model for а switching converterwill Ье developed based оп the 
continuous-time small-signal model. Тhe discrete-time model is more precise 
than its continuous-time model and it сап Ье implemented using а digital соп­
troller. Both voltage-mode and current-mode control schemes are discussed. 

6.3.2 Continuous-Time and Discrete-Time Domains 

For the continuous-time system of the [оrш 

.i = Ax(t) + Bu(t) (6. 326} 

the solution [ос the difТerential equation (6.326) in the time domain сап ье 
expressed as 

I 

x(t) = e4tx(to) + J e4(t-Т)Вu(r)dr. (6.327) 

С. 

ТЬе аЬоуе equation is ап exact representation of the continuous-time system. 
It implies that the state at the instant 1 depends only оп the state at the time lo 

and the convolution of the inputs and the transition matrix, considering the 
values of the states in between. ТЬе evaluation of the integral сап Ье simplified 
Ьу approximating еАС with only the first two terms from its Taylor series: 

AIso, assume that u(t) = и is constant over the integration interval and 10 = О, 
Thus: 

I , 

J е4и-т) Bu(r)dr = J eA'e-Ат Ви dr {=} 

10 10 
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1 1 J t!'(H) Bu(7')d7' = е-4' J е-Ат Вu d7' <=> 
10 10 

1 J t!'(I-Т) Bu(7')d7' = е-4' Bu[A-1 (-e-AT)]II~o <=> 

'0 
1 

Jt!'(I-Т)Ви(7')d7' = e-4'Вu[I - e-A1]A-1 

10 

if the matrix А is invertibJe. 
Rearranging the above equation 

1 

. J ~(I-Т)Вu(7')d7' = [е-4' - I]A-1 Вu. 

'о 

Replacing t!', with its approximate value, 

t J t!'(I-Т) BU(7')d7' = [1 + At - I]A-l Вu. 

'о 

ТЬеп, the solution of the difТerential Equation (6.326) in the continuous­
time domain сап be::approximated as 

(6.328) 

Making to=(n + f»Ts and t=(n + 1 + D)Ts, results in the discrete-time 
expression: 

х[(n + 1 + D)TsJ = t!'тo х[(n + D)Ts] + TsBu[(n + D) . Ts]' (6.329) 

6.3.3 Continuous-Тame State-Space Model 

Switching converters are попlinем and time-invariant circuits. DifТerent 
linear models have Ьееп developed to describe the smal1-signal behavior of 
the switching converters [1,4-8,16,28]. Suppose that the converter is operat­
ing in the continuous-conduction mode with а constant switching frequency 
fs = (1fT.). Let the circuit topology ье А J during the interval when the main 
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switch is оп (i.e., lоп). When the main switch is tumed ofТ (i.e., 10 0"), the 
circuit topology changes to А2. Writing the circuit equations in matrix fоrщ 
we obtain the state-space representation of the system: ' 

Х(I) = Ax(t) + BlI(I). (6.330) 

Because the system has two difТerent topologies during 1оп and lorr, the СОп­
verter is characterized Ьу twp sets of state equations. During 10ncorresponding 
to the nth switching period, n Т• < 1 < (n + dn) Ts, the state equation is:4 

(6.331) 

Ву analogy, during lorr, (n + dn) Т• < 1 < (n + I)Ts , the state equation 
becomes 

(6.332) 

where dn is the duty сус/е. 
А smаП-signаl model of the converter сап ье found Ьу fоПоwing the 

steps described in Brown and Middlebrook [2], where the switching func­
tions in Equations (6.333) and (6.334) help to сотЫпе the two sets of 
equations into опе single equation: 

{ 
1 if nTs < t < (n + dn)Ts 

d(t) = О if (n + dn)Ts < 1 < (n + l)Ts, (6.333) 

d'(t) = 1 - d(t). (6.334) 

ТЬеп 

х = (d(I)A I + d'(t)A2)X + (d(t)B, + d'(t)B2)U. (6.335) 

Notice that if the duty cycle dn is constant, then Equation (6-.335) is linear 
with periodic coefficients. However, if dn is used as the control уаПаЫе, 
Equation (6.335) will ье nonlinear because the duty сусlе wilI Ье а function 
of the state variables. Nevertheless, it is possible to obtain а linear model if 
the perturbations оп the duty сусlе are kept small. 

Тhe source уаПаЫе and duty cycle сап Ье represented Ьу а nominal 
value (noted in capitalletters) plus а perturbatioh term (noted in lowercase 
with 'Л'). Consider the source variable as 

4 То simplify the notation, the temporal dependency of {Ье v.ariabIes will Ье omitted unless it 
mау lead to confusion. Тhus, for example, ;((1) will ье written as х. 
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